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A simple electronic circuit with a voltage controlled current source is investigated. The circuit
exhibits rich dynamics upon varying the circuit elements such as L,C and R, and the control factor
of the current source. Among several other interesting features, the circuit demonstrates two local
bifurcations, namely, node to spiral and Hopf bifurcation, and a global homoclinic bifurcation.
Phase-portraits corresponding to these bifurcations are presented and the implications of these
bifurcations on system stability are discussed. In particular, the circuit parameters corresponding
to the onset of Hopf bifurcation may be exploited to design an oscillator with stable frequency and
amplitude. The circuit may be easily implemented with nonlinear resistive elements such as diodes
or transistors in saturation and a gyrator block as the voltage controlled current source.
I. INTRODUCTION
The theory of dynamical systems and the underlying
miracles of bifurcations are wisely used in the fields of
theoretical sciences and engineering[1]-[9]. In the domain
of electronics, from Chua’s circuit to Vander-pole oscilla-
tor, whenever a system is modelled by a set of differential
equations, the study of bifurcations has strengthened the
theoretical basis of a particular circuit model and at the
same time it often opens new portals to synthesis of more
accurate and stable circuits. Knowing the bifurcation-
point is very important because it denotes a transition
from one regime of dynamics to another.
Bifurcations can be local or global ones. Bifurcations
like Hopf or saddle-node are of the former category as
they can be detected by local analysis of a fixed point[9].
But the bifurcations like Homoclinic where a periodic so-
lution collides with a steady-state one cannot be detected
by local analysis and thus called global bifurcations.
For a long time researchers have been attracted by the
non-linearity in a system that can be properly exploited
by tuning the system parameters so that it results in a
stable and controllable desired behaviour. We may take
the example of Vander-pole oscillator where, the intrinsic
non-linearity of the system helps to stabilize the ampli-
tude of the oscillation which cannot be done in a simple
phase-shift or LC oscillator without an amplitude control
mechanism[3],[4]. Practical dynamical systems that are
observed in nature by means of population drift or fluid
mechanics can easily be modelled and analyzed by electri-
cal analog circuits where the different decisive parameters
can be controlled as per the wish of the researcher to gain
a better insight[7], [8]. Often exploiting those dynamics
on circuitry results in the discovery of a new stable cir-
cuit that can be extensively used in growing electronics
industry.
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Thus, keeping in mind the wide applicability and the
intrinsic mathematical interest, I propose in this article
a simple electrical circuit model that displays a feature-
rich dynamics with different local and global bifurcations.
The bifurcations are mathematically analyzed and exper-
imentally simulated. The parameter for homoclinic bifur-
cation which cannot be determined by direct analytical
method is determined from the quantitative details that
the experiments provide. The phase-portraits illustrat-
ing the bifurcations and different regions of parameter
space is also presented.
II. THE CIRCUIT MODEL
The proposed circuit model is given in the figure 1. It
is implemented using two infinite-gain operational am-
plifiers. There are two voltage controlled current sources
(VCCS) which can be implemented by gyrator blocks.
The boxed element is a current squaring device which
can be viewed as a non-linear resistor with characteris-
tics as v = ki2. This can be implemented by squaring
circuit available in the literature[11], [12]. These squar-
ers mainly use MOS circuitry under saturation region.
Such a circuit proposed by Sakul[12] is shown in the fig-
ure 2. Other than these the circuit elements are passive
and linear like resistors and inductors.
The magnitudes of the VCCS elements are given by
bv1 = bki
2 (1)
and
v2 = bL1
di
dt
. (2)
The lower op-amp acts as an non inverting summer
producing the output
e = −(bL2 dv1
dt
+ L3
dv2
dt
)
= −(2bkL2idi
dt
+ L1L3
d2i
dt2
).
ar
X
iv
:1
70
5.
07
10
1v
1 
 [n
lin
.A
O]
  1
9 M
ay
 20
17
2FIG. 1: Circuit Model
FIG. 2: A CMOS Voltage and Current Squaring Circuit
The Kirchoff’s voltage law for the branch current i is
given by,
e = −iR− ki2.
Comparing these two equations we get,
iR+ ki2 = 2bkL2i
di
dt
+ L1L3
d2i
dt2
; (3)
which ultimately reduces to
d2i
dt2
= −γidi
dt
+ αi+ βi2, (4)
where α =
R
L1L3
, β =
k
L1L3
and γ = −2bkL2
L1L3
.
Here γ is a controllable parameter and can be both
positive and negative since the control factor b of the
VCCS bv1 can be positive as well as negative.
Now the equation 4 can be written as a system of dif-
ferential equations as,
x˙ = y
y˙ = αx+ βx2 − γxy (5)
III. BIFURCATIONS AND PHASE PORTRAITS
The system of equations 5 will have an equilibrium
point (x∗, y∗) when both the derivatives are zero; i.e.
y∗ = 0
αx∗ + βx∗2 − γx∗y∗ = 0. (6)
FIG. 3: Eigenvalues of J with the change in γ
The solutions of this system is given by (x∗, y∗) = (0, 0)
and (x∗, y∗) = (−α
β
, 0).
FIG. 4: weak stable spiral at γ = −0.1
If we linearize the governing equations about these
fixed point, we get Jacobian matrix as,
J =
[
0 1
α+ 2βx∗ − γy∗ −γx∗
]
(7)
3FIG. 5: unstable spiral with limit cycle at γ = +0.05
At (x∗, y∗) = (0, 0), Tr(J) = 0 and Det(J) = −α.
Since α > 0, this fixed point is a saddle for the entire
parameter space. Now for (x∗, y∗) = (−α
β
, 0), we get
Tr(J) =
γα
β
and Det(J) = α. So the corresponding
eigenvalues are given as
λ1,2 =
1
2
[
γα
β
±
√(
γα
β
)2
− 4α
]
(8)
FIG. 6: stable spiral at γ = −0.5
FIG. 7: Degenerate node at γ = −1.0
Here it is seen that, since α and β are both positive for
entire parameter space, the real part of the eigenvalues
will change sign from negative to positive whenever γ has
a similar change of sign. Again when
(
γα
β
)2
< 4α, i.e.
−2β
α
< γ <
2β
α
, the eigenvalues are complex conjugate
in nature.
FIG. 8: Stable node with γ = −1.5
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FIG. 9: Time response for stable spiral, stable
degenerate node and stable node
So when γ changes its sign from negative to positive,
the eigenvalues cross the imaginary axis from left half
to right half of the complex plane. So at this point a
supercritical Hopf bifurcation will occur. The behaviour
of the eigenvalues is shown in the figure 3.
In this bifurcation a stable spiral changes into an un-
stable spiral surrounded by a nearly elliptical limit cycle.
The phase portrait describing this is shown in figure 4
and 5 respectively.
Another type of local bifurcation can be observed when
the eigenvalues become real from complex conjugate and
the phase portrait changes from a spiral to node through
a degenerate node. When γ crosses the value of − 2β√
α
4FIG. 10: Unstable spiral at γ = 0.5
FIG. 11: Unstable degenerate node at γ = 1.0
and becomes less than it, the fixed point becomes a stable
node from a stable spiral. This is shown on figures 6,7
and 8.
The time response for stable spiral degenerate node
and node are underdamped, critically damped and over-
damped ones, and are shown in figures 9. When we need
a noisy oscillation to die down, degenerate node, i.e. criti-
cal damping is important because it dies down faster than
the other two.
Similarly when γ exceeds
2β√
α
, the equilibrium point
becomes an unstable node losing its spiral behaviour.
This is shown in figures 10, 11 and 12.
All the bifurcations discussed so far are local bifurca-
tions which could be forecasted by linear stability analy-
sis of the equilibrium points. Apart from these, the sys-
tem also exhibits an important type of global bifurcation
- the saddle homoclinic bifurcation.
When γ changes through 0.10, the limit-cycle created
in the Hopf bifurcation mentioned earlier eventually col-
lides with the saddle creating a homoclinic orbit. If γ
increases further, the limit cycle disappear creating two
unstable fixed points as shown in figures 13 and 14.
These homoclinic orbits have profound importance on
the stability of a system and a lot of work had been de-
voted to study the behaviour near homoclinic orbit[12].
The variables that exhibit sustained oscillations among
FIG. 12: Unstable node with γ = 1.2
FIG. 13: Homoclinic orbit at γ ≈ 0.10
the limit cycles vary exceeding slowly as the cycle ap-
proaches the homoclinic orbit. When the limit cycle dis-
appear they increases in an unbounded manner. The
homoclinic orbit represents an infinite-time oscillation,
so its frequency response has a peak on zero frequency
as shown in figure 15.
FIG. 14: Unstable spiral and saddle at γ = 0.18
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FIG. 15: Frequency response with a peak at zero
frequency when γ = 0.18
IV. CONCLUSION
In this paper a simple circuit model is proposed which
exhibits feature rich dynamics and a handful of bifurca-
tions. The circuit model is easy to implement using pas-
sive elements and control sources and the bifurcations
can be observed by varying linearly the control factor
of a voltage-controlled current source within the realis-
tic range of circuit parameters. Several local bifurcations
and a global bifurcation are observed during circuit oper-
ation. The circuit can be useful for illustration purpose
and experimental study of different bifurcations. The
potential application of the circuit can be a controlled
amplitude sustained oscillator where the limit-cyclic be-
haviour generated during the Hopf bifurcation can be
exploited. It has the advantage that the oscillation will
be stabled at a fixed amplitude that can be controlled
by varying the parameters. This property is extremely
useful in electronics industry.
All the circuit simulations accomplished using Linear
Technology-Simulation Program with Integrated Circuit
Emphasis(LTspice).
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